Abstract. The problem of predicting the growth of a system of cracks, each crack influencing the growth of the others, arises in multiple fields. We develop an analytical framework toward this aim, which focuses on modeling the En-Passant crack growth problem, in which a pair of initially parallel, offset cracks propagate nontrivially under far-field opening stress. We utilize boundary integral methods of linear elasticity, Linear Elastic Fracture Mechanics, and common crack opening criteria to produce a mathematical model for En-Passant crack paths. This integral system is reduced under a hierarchy of approximations, producing three methods of increasing simplicity for computing En-Passant crack paths. The last such method is a major highlight of this work, using an asymptotic matching argument to predict crack paths based on superposition of simple, single-crack fields. Within the corresponding limits of the three methods, all three are shown to agree with each other. We provide comparisons to exact results to verify certain approximation steps.
Introduction
The interaction of multiple cracks in brittle materials has been observed across a variety of disciplines, from the study of human bones in biology [1] to planetary ice crusts in geophysics [2, 3, 4 ], see Fig.1 . Having an accurate predictive tool for the evolution of multi-crack systems would be helpful in these disciplines and could have specific applications for questions regarding well water contamination due to fracking [5] , penetration of microbial life deep in the earth's crust [6] , permeability of groundwater through naturally-occurring aquifers [7] , and the geosequestration of CO 2 [8] . In these cases, the development of analytical and numerical methods for the growth dynamics of multiple cracks has been an issue for decades [9] . Our current study focuses on predicting growth paths in the model problem of the "EnPassant" (EP) family of cracks. En-Passant cracks, named by Krantz [14] , are two initially parallel offset cracks that grow under transverse loading and eventually approach each other through their propagation paths. Fig. 1(b) shows EP cracks whose growth paths are initially repulsed and then move toward each other, as seen in Fig. 1(c) , due to lateral far-field tensile stress. Whether EP cracks initially repulse before approaching is an interesting notion in itself and depends on the crack placements; as lateral separation vanishes and the cracks becomes colinear, Melin [15] has shown that the crack paths repulse and the straight-ahead path is unstable. EP crack phenomena was studied directly for the first time in the early 1970's [16, 17, 18] . EP cracks are reported repeatedly as one of the causes in the formation of ridges and crusts on the earth and other planets [2, 3, 4, 12, 13, 19, 20, 21, 22] ; some examples have been presented in Fig.1 [10] (c) Two cracks move toward each other after initial divergence [10] (d) Example of interacting openingmode extensional fractures at Krafla [3] (e) Context image taken from USGS controlled photo mosaic of Europa (map I-2757) that includes portions of the prominent ridge complex Belus Linea (BL1 and BL2) and double ridge Rhadamanthys Linea [11] (f) Comparison of fine-scale morphologic features of bedrock from Meridiani Planum on Mars (Image by NASA/JPL and MER team) [12] (g) Index map of the East Africa rift system showing both the Eastern and Western branches [13] In order to predict the growth paths in such a system, the first step is a tractable and general method for calculating the stress field in a system of arbitrarily shaped cracks, especially in the vicinity of the crack tips. Different solution approaches have been presented in the last decades for generalized multiple-crack systems (two or more) under various loadings. To compute the stress field for a system of two straight cracks in arbitrary positions, Isida [23] has presented an analytical method based on Laurent series expansions; the solution, which can be considered one of the most accurate ones, ends with a linear system of equations yielding the coefficients of the Laurent series. Yokobori [18] has used a continuous distribution of infinitesimal dislocations to calculate stress intensity factors for offset straight cracks, which has been used to approximate EP kink angles. Savruk [24] , also utilizing the dislocation-density-based formulation, produced a set of integral equations that can be solved numerically to calculate the stress field in a system of multiple cracks of arbitrary shape. His work has been extended by Chen [25] , who has proposed algorithms for a variety of integral equations. Hori and Nemat-Nasser [26] have reduced the stress calculation for arbitrarily located pairs of straight cracks to a linear system of equations by using a Taylor series with unknown constants. Kachanov [27] , by a simple "alternative method", estimates stress intensity factors for a system of straight cracks by cancelling the residual tractions coming from the known solution of a single crack, approximating it with its average traction. Many other efforts have been made to solve or approximate the integral equations of Muskhelishvili's method for the stress field, including work done by Ukadgaonker and Naik [28] in a series of articles which contain various solutions for interacting cracks. The Schwarz alternating method [29] has been utilized in order to reduce "multiple connected regions" in a two-crack problem to a sequence of simply connected regions. The Sih method [30] can then be used to find the crack propagation angle in the first step of the opening.
Herein we develop and verify a sequence of analytical models for the propagation paths of EP cracks, achieved under the assumptions of Linear Elastic Fracture Mechanics. Our solution approach is rooted in perturbation methods applied to the Muskhelishvili formulation for elastic stress fields [31] . The procedure we discuss is therefore applicable in plane stress or plane strain conditions. Three different formulae will be presented for the growth paths in a general system of EP cracks, each formula simpler than the previous at the expense of certain additional approximation errors. All three methods use the local symmetry criterion as the principle for mixed-mode crack opening.
Our first method is obtained by simultaneously solving the system of integral equations plus local symmetry to approximate the growth paths of both cracks. By expanding the integral system in series and applying perturbation methods, we obtain a non-linear system of equations, whose solution yields the crack extension paths along with the stress field after the extension. Our second method uses the stress field of the initial pair of parallel offset cracks and considers the growth of one crack without considering the growth of the opposing crack, an assumption valid for small extension paths. We verify these two methods against an stress exact solution. The third method, which is a highlight of this paper, is far simpler than either of the two prior ones. It uses a matched-asymptotic-expansion argument, of the type commonly utilized in fluid mechanics problems (e.g. [33] ). We conjoin an "inner solution" for stress near the crack tip -a Williams expansion [34] with undetermined coefficients -to a simple "outer solution" for the stress-field in a region not close to either crack -obtained by superimposing solutions for two isolated cracks. Upon matching the fields, approximate Williams expansion coefficients are obtained, which can be substituted directly into the closed formula of the second method to predict the paths. While the first two methods are useful in their own right, they also play an important role in the current work to verify the accuracy of the much-simpler third method in a variety of EP geometries and loading conditions.
Analytical solution
Experimental results and numerical models of EP cracks [9, 10, 17, 28, 35, 15, 36, 37] confirm that cracks generally follow a curvilinear path. Therefore, in view of Fig. 2 , we assume the propagation path is a curve λ(x) extending the lower-left crack, with a symmetric path for the other. The cracks are initially straight non-coplanar parallel cracks with a distance of r 0 between their tips and an angle of θ 0 , π/2 < θ 0 < 0, from the horizontal to the line connecting their tips. The material is deemed homogeneous, isotropic, and linearly elastic with a brittle fracture behavior.
First, we outline the strategy for computing the stress field in the system when the cracks have opened along some given path λ(x). Later, this relation will be solved simultaneously with the opening criterion to determine λ. Our approach is to construct the stress field as a superposition of three different fields, denoted by A, B, and C, as indicated in Fig.3 .
• Problem A is the solution for two offset straight parallel cracks under biaxial loading; this is assumed to be the initial state of the cracks before extension, and the solution has been proposed by Hori and Nemmat-Nasser [26] or Isida [23] . The solution is characterized by a mixed-mode loading on both cracks, due to the crack-crack interaction [16, 18, 28, 23, 24, 26] . The main goal in this step is to determine the "close-field" tractions, T 1(cf ) and T 2(cf ) , on the extension path by resolving the calculated stress field from Problem A along λ(x). • Problems B and C are related to the modification for extended curvilinear cracks.
We assign tractions on the extended cracks as follows. Part of the traction comes from the solution of Problem A, i.e. we apply T 1(cf ) and T 2(cf ) on the extensions in B and C respectively. In addition to the traction coming from Problem A, Problems B and C together form a closed inverse problem for the remaining "mirror tractions" That is, Problem B requires the mirror traction T 21(mt) along the whole crack as part of the boundary condition, which is given from the solution of Problem C, but Problem C requires the inputting of a mirror traction given by the solution for Problem B. To solve the joint problem, we use the boundary value Muskhelishvili's integral equations [31] to express the stress fields in Problems B and C in terms of the unknown tractions (T 12(mt) and T 21(mt) ) and the extension path. This integral method gives (planar) stress fields in terms of two biharmonic complex functions φ and Ω (Eq.1). These functions can be approximated for small deviations in λ 2 , as explained in [38, 39] . We then use the symmetry of the crack extensions to reduce to a single unknown mirror traction, which is then solved using Taylor series. The details of the solution procedure are in Section 3.
The stress field calculated in this way is a function of the crack extension path λ(x). Note that we only model extensions of the inner crack tips; these have the higher mode-I stress intensity factor and will open first in the limit of a stiff elastic response. This assumption is further validated when we restrain to small crack extensions. Moreover, as the cracks extend, we assume quasi-static crack growth. That is to say, we assume the ratio σ ∞ x /σ ∞ y is fixed but we let the magnitudes of σ x ∞ and σ y ∞ arise by the condition that the cracks remain critically loaded in opening during growth.
According to the local symmetry criterion [40, 41] and many other models for crack propagation in brittle homogeneous isotropic material [42, 43] , the cracks propagate in a path in which the tip is in Mode I condition; i.e. if K II = 0 at the crack tip, the crack first kinks and then opens in a path through which it can maintain K II = 0 [38] . With the aforementioned method for generating the stress field and corresponding stress intensity factors, the crack path λ(x) is identified by requiring that K II = 0 as the cracks grow along this path.
Mathematical modeling for slightly curved growth paths
In plane-stress conditions, linear elastic stress fields can be expressed by two biharmonic complex functions of z = x + iy, the Muskhelishvili potentials [31] :
(1)
In a system of EP cracks, we express φ and Ω for the superposition of Problems B and C, as a sum of two such potentials, one representing the solution for Problem B (denoted from here on with superscript 1) and the other for Problem C (denoted with superscript 2). That is,
(2) Figure 2 shows the relation between the z 1 and z 2 coordinate systems. We assume symmetry consistent with Fig. 2 such that the path for both cracks is given by the same function λ, i.e. crack 1 follows y 1 = λ(x 1 ) and crack 2 follows y 2 = λ(x 2 ). Each of the φ j and Ω j for j = 1 or 2 can be approximated up to the first order in λ (for higher order analysis, see [32] ) by the equations
where φ j 0 and Ω j 0 are solutions for two straight crack extensions, and φ j 1 , and Ω j 1 adjust for crack path deviations [38, 39] . Both can be expressed as integrals of the traction on crack surfaces as shown below [39] 
We define η(t) = λ(t) − λ(L). T j n (t) and T j s (t) are the normal and shear tractions at location x j = t prescribed on the crack for each of Problem B and C. As shown in Fig.3 , the tractions on the crack extension can be expressed as the superposition of two different traction distributions: a close-field traction, presumably known from the initial crack geometry, and an unknown mirror traction. That is,
In the integrals above, as an approximation that we will validate in a moment, we have assumed we can neglect residual mirror tractions on the original cracks, as long as the cracks begin far enough apart. This allows us to make the simplification
Symmetry of the geometry can be considered, which implies the same mirror tractions arise on each crack:
Similarly, geometric symmetry requires that
In view of Fig. 3 , the stress field arising in problem B evaluated at the location of crack 2 defines the mirror traction T 12(mt) . We can express this by writing [38, 39] 
Upon substituting Eqs 4-8 into the above, we obtain a closed integral equation for T (mt) . Solving this equation is a key step in the work of this paper.
The relationship between the stress intensity factors at the inner crack tips and the biharmonic functions (φ j and Ω j ) are presented in Eq.10
where ω = λ (L). The above system can be used to approximate stress intensity factors for any crack pair that extends the initial parallel straight cracks by λ(x). Finally, to model crack growth and determine the actual path λ that the freely growing crack will follow, we must select λ such that the opening criterion
is satisfied as the crack grows to some total extension length L stop . By solving the system of integral equations (Eq.4-11) the crack path along with the stress field during growth can be calculated. Based on the results of Cotterell and Rice and Sumi et al. [38, 39] , we will assume the path is of the general form
with α, β, and γ constants. Truncating beyond x 2 , it is our goal, hence, to solve the above system for these three constants. While solving the system is still non-trivial, next we propose three solution methods that reduce the integral equations to a system of more tractable algebraic equations. ) by a Taylor series in √ x with unknown constants.:
The (truncated) Williams expansion for the stress near the initial cracks is given by
where k I , k II , b I , b II , and T are known Williams expansion coefficients for the initial unextended cracks [23, 26] . Mindful that the two close-field tractions in Eq.5 are symmetric (T
) we can resolve the above stresses along the extension path to obtain
It bears mentioning that how many terms one keeps in the Williams expansion of Eq. 14 places an inherent limit on how large L stop can be. We can only extend the crack as far as the close-field solution is an accurate representation of the stress field adjacent to the crack tips in Problem A. In App. A, we justify our selection of keeping terms up to x 1/2 j in Eq. 14.
By using Eq. 13 and Eq. 15 to define the tractions accordingly in Eq.4, φ and Ω can be expressed as follows:
where N is the number of the terms one chooses to keep in the Taylor expansion in Eq.13; the constants A k , B k , and C k can be obtained based on the Williams expansion coefficients, which are presented in App. B. By substituting the above into Eq 9, the unknown constants in the Taylor series and crack path will be obtained through a solvable non-linear system of equations. The final equations for P n and Q n are expressed as follows:
where φ * 0 and φ * 1 are presented in the App.C. On the other hand
II ≡ K II can be found from Eq.10;
Since this must hold for all 0 < L < L stop it follows that the coefficients of each power of L in the above must vanish. That is, each term in parenthesis must vanish, which adds three more equations to Eq.17, for a total of 2N + 3 nonlinear equations. By solving this system we obtain the Taylor series constants along with the coefficients in λ. This concludes what we refer to as 'Method 1' for computing λ(x).
To grow cracks a very long distance, a key limitation is the accuracy of the selected closefield solution. Because we prefer the convenience of our truncation in Eq 14, future work will explore an iterative approach to overcome this issue by growing the crack in a piecewise sequence, using the stress at the end of a growth increment to recalculate new close-field coefficients for the next step of growth.
Method II
In the case of L stop r 0 , a, the P and Q coefficients in Method I can be neglected resulting in a closed form solution for the constants in λ(x):
The above formulae constitute 'Method II' for approximating EP crack paths; it is merely a simplification imposed on the system from Method I. The above result, when linearized in α and β, is compatible with the first-increment path solution of Sumi et al. [39] . Method II effectively ignores the influence of crack 2's extension on the path taken by crack 1, which is justifiable for small extensions.
Verification of Method I and Method II
The accuracy of the two above methods depends on how well they represent the stress fields near a pair of extending crack tips for any path λ. In order to validate the simplifications used in deducing these methods, a numerical experiment has been performed to test each method's underlying stress prediction in a case with an exact solution against which to compare. As it is shown in Fig.4 we suppose cracks number 1 and number 2 begin with the same length of 2a and are positioned such that their tips are separated horizontally by H and vertically by S. We now apply a straight line extension of length L to both cracks, i.e. λ = 0, and determine K II based on the fields φ 0 , Ω 0 , φ 1 , and Ω 1 as they are given in Method I and as they are further approximated in Method II. We choose σ ∞ x = 0 for these tests. Our estimations are then compared to the known exact result for K II for a pair of straight cracks of length of 2a + L. The results are presented in Tab.1.
The first row of the Table indicates that Method I is able to approximate K II better than Method II, as expected. It retains accuracy for moderately long extensions -here, L on the order of a -while Method II loses almost all accuracy in this range. For small crack extensions, the second and third rows of the Table, the difference in accuracy of the two methods is much smaller. We observe sufficient agreement between both methods and the exact result as the crack extension length decreases, and the accuracy of both methods tends to increase when the initial cracks are farther apart.
Method III: Asymptotic matching
The methods above make reference to a close-field solution based on a known analytical solution for Problem A. This analytical solution is itself not trivial to obtain and lengthy to write [23, 18, 26] . We are left to wonder if there is a simpler way to approximate the close-field solution's Williams coefficients, so that Method II could be employed more quickly. If such a way existed, it would also serve potential benefits as we attempt to model other multi-crack systems in the future, for which analytical solutions of the initial problem may not be tenable.
Consider a single Griffith's crack under bi-axial mode-one loading. In the general case, based on Westergaard's solution [44] , the k I , b I , and T values are non-zero while k II and b II have zero values. If we now introduce a second crack in the loaded system, as long as it is far enough away from the first, the Williams coefficients of the first crack will be affected only by deviating a small amount from their original values. Since k I , b I , and T were initially finite, the deviation is less important to leading order than it is to k II and b II which were initially zero. It is the change in these two shear stress terms from zero that bears the most importance on the resulting growth path; in view of Eq. 14, the leading order behavior of the formulae for α, β, and γ are unaffected by the perturbations to finite k I , b I , and T but depend directly on the perturbed values of k II , and b II . Likewise, calculating the perturbed k II and b II values, due to the introduction of the other crack, would thus allow us to approximate the crack path under Eq 14.
The following is a novel approach to approximate k II and b II , by fitting them from an "outer solution", i.e. a stress field for the two-crack problem that is accurate not close to either crack. There are potentially many ways to obtains an outer solution, but herein we discuss one such way.
The exact solution to the biharmonic function φ for our Problem A can be expressed as the sum of the solutions for two isolated Griffith cracks along with an extra part φ res (z) which comes from the interaction of each crack on the other one. As it is expected, if one neglects φ res the resulting form is not able to capture the stress intensity factors of the cracks but does a sufficient job representing the stress field when not close to either crack (see App.D). Therefore, in a region that excludes the vicinity of either crack, an "outer solution" for the stress field can be assumed to be a superposition of two separated single cracks under tension. Meanwhile, the stress near the crack tip has to always follow a Williams expansion. Consequently, requiring that an asymptotic inner solution -taken to be a truncated Wiliams expansion -match the outer solution in some overlap window could yield a fast method to produce the needed inputs in Eq. 19 to obtain λ.
Let σ σ σ G (z 1 ) represent the stress field for a single Griffiths crack of length 2a under tensile loading σ y ∞ and lateral loading σ shear stress has the exact solution
To construct an outer solution for twin cracks, we suppose a superposition of the two singlecrack fields, as if each crack were on its own. Hence,
Naturally, the field σ G xy does not have a singularity at either crack tip. However, the outer solution has a nonsingular but finite shear stress at each crack tip, which can be expanded to second-order in a Taylor series per Eq.22. Focusing on crack 1, an overlap point between the inner and outer solutions, at some x 1 = l, should have the property that the solutions look similar in a small window about that point. To identify this point l and simultaneously find the needed constants in the Williams expansion (k II and b II ) we desire a matching up to the second-derivative in space between the two solutions at l. Hence, by solving the system of equations presented in Eq.22, the parameters of the inner solution can be expressed based on the constants in σ xy(outer) (x 1 ). That is,
σ xy(inner) (l) = σ xy(outer) (l) σ xy(inner) (l) = σ xy(outer) (l) (22) Figure 6 . The value of k II for EP cracks obtained by matching the asymptotic fields compared to that of the exact solution.
This method is explained graphically in Fig.5 . In the case of EP cracks, for r 0 a, we have observed that c s min(a s , b s ) and thus the constants a s and b s can be expressed as
Using Eq.22 and 23, we find the formula
In order to verify the precision of the matched solution, Fig.6 shows the value of k II by the matched method, Eq. 24, compared to the exact solution for different EP geometries. Here we use σ ∞ x = 0. This figure clearly shows that Eq.24 can approximate the exact value of k II and provides a good estimation of the turning point (when the value of the k II changes sign), which depends on the different positions of the cracks. With these approximate values of k II and b II along with the single-crack solutions for T , b I and k I , we can apply Eq.19 to obtain the crack-path, λ(x). This constitutes 'Method III' for EP crack path determination.
Results for Growth Paths
As an example, the results for all three methods under different crack placements are shown in Fig.7 and 8 . In these graphs, α, β, and γ are plotted versus S = r 0 sin(θ 0 ) or H = r 0 cos(θ 0 ) for extension length L stop = 0.1a and σ ∞ x = 0. The results in Fig. 7 and 8 show that the second and the third methods agree relatively well with each other and with respect to the first method, which is our most precise one. The effect of σ ∞ x on crack opening path is presented in Fig. 9 . These plots show the behavior of β and γ when changing the stress biaxiality, σ ∞ x /σ ∞ y , for two initial crack configurations: H = r 0 cos(θ 0 ) = 15 and S = r 0 sin(θ 0 ) = 5 in which the crack initially kinks downward, and H = r 0 cos(θ 0 ) = 10 and S = r 0 sin(θ 0 ) = 10 in which the crack initially kinks upward. We note that α is independent of σ ∞ x . Fig. 9 also shows the path, drawn for the lower left crack, in these cases. The lines, plotted for three different
, show the corresponding crack opening paths. The two plots are scaled identically, but with vertical amplification to ease discernment of the various curves. 
Conclusion
We have performed an analytical study of EP cracks, culminating in three different methods for predicting EP crack paths. The first method is the most robust, producing a solution based on a stress field that continually modifies as the cracks open. This method utilizes a perturbation analysis to first order in the stress field, treating crack deflection as the small parameter. The second method is a simpler method derived from the first under the assumption that the length of the extension is much smaller than the distance between the cracks. In this case the solution is similar to the case that just one of the cracks propagates while the other is static. The third method is based on the assumption that the crack length is also smaller than the distance between two cracks. The third method works based on a superposition of the stresses from two isolated cracks, and matching this field to the asymptotic form of a Williams expansion near the crack tips. Through comparison to an exact stress solution for straight cracks, we provide a verification as to the correctness of predictions of Methods I and II, since exact solutions for full EP crack paths are not available. The results show a good mutual agreement between all three methods when the corresponding assumptions are valid.
The validity of Method III opens many possible doors for modeling of systems with larger numbers of interacting cracks. As the number of cracks increases, the complexity of the integral system that represents the full solution grows significantly. However, the described procedure of Method III remains at its core quite simple; one builds an outer solution as a superposition of single-crack fields as if each crack were on its own, and then applies the matching argument at all cracks to approximate the needed Williams expansion coefficients at each crack tip. However, some subtleties must be addressed before this notion may be applied to a many-crack system. For instance, our perturbation method assumes a small deflection of the crack tips, which is appropriate for EP crack when they are not too close to each other, since the mode-mixity on each crack is low. However, in a system with an arbitrary scattering of cracks, large initial kink angles may occur, which might force the cracks to propagate in a fashion contrary to this assumption. Furthermore, in the EP system, it could be assumed that both cracks open symmetrically, however in a general system of many cracks, k I varies from crack to crack and one would have to track which cracks are critical as the far-field loading is increased in order to model the correct progression of propagation. Crack growth aside, the third method is essentially equivalent to an approximation technique for Williams expansion coefficients, which could have value in its own right for approximating stress intensity factors and higher order terms for a general crack geometry. We leave exploration on this front as future research. 
Appendix A. Truncation in Williams expansion
To study how truncating the close-field Williams expansion affects the accuracy of our method, we first consider the extension of a single Griffith crack with length of 2a as presented in Fig. 10 . We use our integral method to extend the crack from its right side by a length of 2l. For the close-field solution we use stresses that keep a differing number of Williams expansion terms. Because we also have an exact solution for the extended crack, we can compare the different predictions to examine the effect of truncating the Williams expansion after a finite number of terms.
Applying the integral method from Sec 4 to approximate the stress field post-extension, the value of K I of the extended crack can be obtained exactly from the formula
where T n , as presented in Fig. 10 , is the close-field solution given from the unextended crack, which is defined by
T n (x) has an exact solution 27) or can be approximated in the form of a truncated Williams expansion, Figure 10 . A Griffith crack with the length of 2a under tension has been extended from one side to the length of 2l Figure 11 . Comparison against the exact solution of K I for an extended crack as obtained by keeping different numbers of terms in Williams expansion of the original crack using, Eq. 26.
From the exact T n (x), Eq 25 gives the correct value of K I = σ ∞ y π(a + l). Fig. 11 shows the different formulae for K I (l) obtained by keeping different numbers of terms in the Williams expansion. Fig. 11 shows that the singular term in Williams expansion is not enough to capture even the first order variation of the exact results after extension. In fact it appears that with every additional term kept, resulting K I (l) gains another derivative of accuracy at l = 0. This point does not appear to have been acknowledged in existing literature. Our decision to truncate the close-field Williams expansions in Eq 14 at the square-root term reflects our desire to represent the stresses (and stress intensity) after extension at a reasonable accuracy, capturing the first-order variations in stress intensity as the crack grows. Still, any truncation limits the region of accuracy of the close-field solution, which limits the maximum length L stop to which the crack may be accurately extended. The size of the region of accuracy is somewhat problem-dependent. Beside the iterative approach suggested in the main text, another solution to this issue would be to use a more accurate closefield solution; i.e. keeping more expansion terms or otherwise finding a better initial stress field in the analysis. Recall that the close-field solution is a reference solution assumed to be given a priori, and our analysis can be applied to any such reference solution. Figure  12 (a-c) compares the asymptotic solution obtained from the first two terms of the Williams expansion to the exact stress field for different systems of EP cracks. The latter graph shows the accuracy of the results depends on the positions of the two cracks. For H = 1 and S = 1 the Williams expansion quickly loses accuracy away from the crack tips, while for H = 5 and S = 1 the solution stays in good agreement for a much longer distance from the crack tips.
Appendix B.
The constants in Eq.4 based on the asymptotic solution for the two parallel cracks. Appendix C.
The constants in Eq. 17:
Re(φ * 1 (n)) = The solution for a system of two cracks can be expressed as the sum of the solutions for each crack, as if on its own, added to a residual stress coming from the effect of crack interaction. Letting φ sum represent the Muskelishvili potential for the sum of the two individual crack solutions and φ res be the potential for the residual field, the potential φ for the EP crack problem can be written
Fig . 13 shows the behavior of φ res (z 1 ) along the axis of the lower-left crack, as distance between the cracks, r 0 , is varied at constant θ 0 = π 6
. As is apparent in this figure, when two cracks are sufficiently far from each other the value of φ res (z 1 ) can be neglected. 
